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We characterize the finite variation property for stationary increment mixed 
moving averages driven by infinitely divisible random measures. Such processes 
include fractional and moving average processes driven by Levy processes, and also 
their mixtures. We establish two types of zero-one laws for the finite variation 
\Q ' property. We also consider some examples to illustrate our results. 
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1 Introduction 

Processes with stationary, but not necessarily independent, increments have always 
been of interest in probability and its applications. They are used to model long mem- 
ory phenomena. Examples include fractional and moving average processes driven by 
bilateral Levy processes, as well as their superpositions called mixed fractional and 
mixed moving average processes, respectively. It has been of interest to determine 
when such processes are semimartingales and, in particular, when they have locally 
finite variation. Such questions for Gaussian moving averages were resolved by Knight 
flil . Theorem 6.5]. Recently, Basse and Pedersen (3| characterized the semimartingale 
and finite variation properties for stochastic convolutions of non-Gaussian Levy pro- 
cesses but their arguments do not apply to moving averages. Bender et al. j4j gave 
necessary and sufficient conditions for square integrable fractional Levy processes to 
have sample paths of finite variation and show that the total variation property, for 
these processes, satisfies a zero-one law. 
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In this paper we characterize the finite variation property for a wide class of sta- 
tionary increment infinitely divisible processes that includes fractional Levy processes, 
moving averages and mixtures of these processes. We also establish two types of zero- 



one laws for such processes. Therefore, we extend results of [13| and |4j to a much 
larger classes of processes but our methods are different. Our work utilizes Banach 
space techniques, the crucial observation that 5V[0, 1], the space of functions of finite 
variation, is a Banach space of cotype 2, and arguments in the spirit of Hardy and 
Littlewood 10, Theorem 24]. 

The paper is organized as follows. In Section [2] we define the class of processes 
we consider. They are Stationary Increment Mixed Moving Average type (SIMMA for 
short) processes, see ( 12. ip and ( 12. 4p . In Section [3] we state the main results of this paper. 
Theorem 13.11 gives sufficient conditions for a SIMMA process to have finite variation. 
Theorem I3.3[ which is the most difficult result of this work, gives necessary conditions. 
Theorems 13 . 7f43T8l state the zero-one laws. In Section H] we determine the finite variation 
property on examples of processes driven by mixtures of stable random measures and 
tempered stable random measures. Sections and [H] contain proofs of the main results. 



2 Preliminaries 

Throughout this paper J 7 , P) stands for a probability space and (V, V, m) denotes 
a a-finite measure space. Let A be the Lebesgue measure on R, <^ = {B G =5^(R) : 
\{A) < oo}, and let Vo = {B G V : m(B) < oo}. Consider a stationary increment 
mixed moving average (SIMMA, for short) process X = (X t ) te ^ given by 

X t = ! (f(t- s,v) - f (-8,v))W(d3,dv), ten, (2.1) 

JTHxV 

where /, /q : R x V i— >■ R are measurable deterministic functions and W is an indepen- 
dently scattered random measure defined on the cr-ring generated by x Vo such that 
for all A 6 f o, 5 e V and u G R, 

Ee iuW(AxB) 
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B x 2 j & 



X(A) / [iu6(v) - -u 2 a\v) + / (e mx - 1 - iur(x)) p v (dx) m(dv 



Here p = {p v : v G V} is a measurable parametrization of Levy measures on R, 9 and 
cr 2 are two measurable functions from V into R such that a 2 > 0, and r is a truncation 
function on R, i.e., a bounded function from R into R such that t(x) = x + o(x 2 ) as 
x — > 0. The integral in (12. ip is defined as in Rajput and Rosihski jl5|. We further 
assume that W is purely stochastic, that is 

m(v : p v (R) = 0, a 2 (v) = 0) = 0. (2.3) 
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Since W is invariant in distribution under the shift on R, (Xt)tent has stationary 
increments and thus is continuous in probability, cf. fl9| . If V is a one-point space, then 
the f-component can be removed from (I2.ip - (l2.2p and W becomes a random measure 
generated by increments of a two-sided Levy process that we also denote by W. In this 
case (X t ) t ^ is called a stationary increment moving average (SIMA) process written 
as 

X t = [ (f(t-s)-f {-s))dW a , teU, (2.4) 

If also f(s) = fo{s) = for some a £ R, then (A 4 ) tg]R is a fractional Levy process. 
If / = 0, then (X t ) t€B _ is a movin g av erage. When f = in (12. ip . then (X t ) t6]R is a 
mixed moving average process (cf. |20|). Overall, SIMMA processes cover a large class 
of stationary increment infinitely divisible processes of interest. 

Let I C R be an interval, finite or infinite. A function h: I — > R is said to be of 
finite variation, if for all a,b & I with a < b, 

n 

\\h\\BV[a,b] ■= SUp ^ \ h (tk) ~ < 00. 

a = t <---<t n = b ,_ 

For example, if h is absolutely continuous, that is, there exists a locally integrable 
function h such that 

h(t) — /i(m) = / h(s) ds, u,t £ I, u < t, 

J u 

then h is of finite variation and ||/i||sy[ a ,b] = \h( s )\ ds. 

We will always choose a separable process X = (Xt)t&iL satisfying (12. ip . Since X is 
continuous in probability, we may and do assume that the set D C R of dyadic numbers 
is its separant, see Then 

n 

||-X"||bv[o,6] = sup y2\X t n -X t n \ a.s., (2.5) 

nGN . T 

where a = t% < ■ ■ ■ < t™ = b are such that {t"}^ 1 C D and max!<j< an tf — — > as 
n — > oo. Similarly, we may view f t := f(t — -, •) as a stochastic process with respect to 
some probability measure Q on R x V that equivalent to \®m. Since A is continuous 
in probability, from the properties of the stochastic integral ( 12. ip and ( 12. 3p it follows 
that t i — y ft is continuous in Q, see [15] . Thus we may and do assume the separability 
of (ftjtem. with D being its separant. Consequently, we have 



I BV[a,b] = sup J^|/tn - / t «_ i | A <g> m-a.e., (2.6) 
where are as in (12. 5p . 
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3 Main results 



3.1 Characterization of finite variation 

Here we give closely related sufficient and necessary conditions for SIMMA processes 
to have paths of finite variation. 

Theorem 3.1 (Sufficiency). Let X = (X t ) te ^ be a process given by (12. ip . Suppose 
that for m- a. e. v, f(-,v) is absolutely continuous and its derivative f(s,v) = -j^f(s,v) 
satisfies the following two conditions 

I I (\f(s,v)\ 2 a 2 (v))m(dv)ds < oo, (3.1) 
Jtr. Jv 

and 

(\xf(s, v)\ 2 A \xf(s, v)\) p v (dx) m(dv) ds < oo. (3.2) 

Then (^) tG]R has absolutely continuous sample paths a.s. whose total variation is inte- 
grable on each finite interval. Moreover, A®P-a.e. 

dX f 

-j 1 = f(t- s,v)W(ds,dv), ten, 

where on the right hand side is a well-defined mixed moving average process with paths 
in L 1 a.s. on each finite interval. 




Corollary 3.2. LetCf andDf denote the integrals given by (13.1 p and ( 13. 2p . respectively. 
In addition to the assumptions of Theorem \3.1\ suppose that W is a mean zero random 
measure. Then 

E||X|| w[0jl] < (2/n) 1 / 2 C 1 / 2 + (5/A)m a ,x{D fl D 1 / 2 }. 



The converse to Theorem 13.11 is more complex due to the vast class of possible 
random measures W. Assumption (13. 3p precludes W having locally finite variation, 
which necessitates / to have absolutely continuous sections (see Remark 13. 6p . 

Theorem 3.3 (Necessity). Suppose that X has paths of finite variation a.s. on [0,1] 
and that 

m^y : J \x\ p v {dx) < oo, a 2 (v ) = j =0. (3.3) 

Then for m- a. e. v, f{-,v) is absolutely continuous, its derivative f{-,v) satisfies (13. ip 
and 

(\f(s, v)x\ A |/(s, v)x\ 2 ) (1 A x~ 2 ) p v (dx) ds < oo m-a.e. (3.4) 
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If, additionally, 



k \x\ pJdx) 

limsup — < oo m-a.e. (3.5) 

u^oo J|a;|<« X Pv{dx) 



then f{-,v) satisfies (13. ip and 

(|x/(s, f )| 2 A |x/(s, v)\) p v (dx) ds < oo m-a.e. (3.6) 




R </IR 



Finally, if 



U J\ X \ >U \ X \ 



sup sup - — — — < oo (3.7) 

vev u>o J M<u x Pv{dx) 



then f(-,v) satisfies (13. ip and (13. 2p . 

Corollary 3.4. Theorem \3. 3\ constitutes a complete converse to Theorem \3. 1\ when (13. 3p 
holds and either (I3.5P holds and V is finite or (13. 7p holds. 

Surprisingly, it is not easy to find a centered random measure W failing (13. 5p . Below 
we will give conditions under which (13.51) or (13. 7p hold. Recall that a measure p on R 
is said to be regularly varying if x i — )• p([—x, x] c ) is a regularly varying function; see Q. 

Proposition 3.5. Condition (13. 5p is satisfied when one of the following two conditions 
holds for m-almost every v G V 

(i) J'^^x 2 p v (dx) < oo or 

(ii) p v is regularly varying at oo with index j3 G [—2, —1). 

Condition (13. 7p holds when p v = po for all v and some fixed Levy measure po satisfying 
(13. 5p and such that p is regularly varying with index (3 G (—2, —1) at 0. 

Proof of Proposition ^. 51 (i). Choose m = u^iy) > such that p v ([—Uo, Mo]) > 0. Then 
for all u > u 

U S\ x \ >u \ X \P^ dx ) < J\ x \>u X2 < J\ X \>U X2 Pv( dx ) 

J lxl < u x 2 Pv(dx) ~ | w < u x 2 p v (dx) ~ J ]x] < uo x 2 Pv (dx) ' 
(ii). Using the identities for u > 

POO 

\x\ p v (dx) = up v ([-u,u} c ) + / p v ([-r,r} c )dr, 

x\>u Ju 

x 2 p v (dx) = 2 / r p v ([-r,r} c ) dr - u 2 p v ([-u,u} c ), 

x\<u JO 
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and dividing by u 2 p v ([— u, u] c ) in the below fraction gives 

u S\ x \>u\ x \P-( dx ) 1 + JT Pv(hr,r] c ) dr/(up v ([-u,u] c )) , 1 ~ (g + I)' 1 
./].,<„ ^(dz) 2/;rp, ) ([-r,r] C )dr/(n 2 ^([-^^ c ))-l ~* 2(P + 2)^-1 

as it — > oo by Karamata's Theorem (H), Theorem 1.5.11]. (The limit should be under- 
stood as when = —2.) This shows (I3.5|) . 

The proof of the last part of this proposition is similar to the proof of (ii) and thus 
is omitted. □ 

Remark 3.6. As we mentioned earlier, condition (13. 3p is in general necessary to deduce 
that / has absolutely continuous sections. Indeed, let V be a one point space so that 
W is generated by increments of a Levy process denoted again by W. If (13. 3p is not 
satisfied, then taking / = l[ ,i] we get that X t = W t — Wt-i is of finite variation, but / 
is not continuous. 



3.2 Zero-one laws 

We distinguish two types of zero-one laws, a global one which always holds and a local 
one holding only in certain situations. 

Theorem 3.7 (Global 0-1). Let X = (X t ) ten be a process given by (12. ip . Then 

¥{\\X\\ BV [ a:b ] < oo for alia < b) = or 1. 



Theorem 3.8 (Local 0-1). Let a < b be fixed reals. Then, 

P(||X||w M < oo) = or 1 (3.8) 
provided one of the following conditions is satisfied: 

(a) f(',v) is of finite variation for m-a.e. v, 

(b) p v (M) = oo for m-a.e. v. 

Furthermore, ifW(\\X\\BV[a,b] < °o) = 1, then (jaj) holds. 

Remark 3.9. The following example shows that the local zero-one law does not always 
hold. Let [a,b] = [0,1] and let /: R — > R be a continuous function such that / has 
infinite total variation on each subinterval of [0, 1] and f(x) = for x G [0, l] c . Let 
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W be a Poisson point process on R with Lebesgue intensity measure, represented as 
= JT. 5 Ti . Consider a moving average process 

*t= / /(f-a)W(ds) = £ /(t-r,). 

^ R t-l<Tj<t 

If the event W([-l, 1]) = occurs, then X t = for all t G [0, 1]. Thus 

P(||X|| w[0 ,i] < oo) > F(\\X\\ Bvm < oo, W([-l, 1]) = 0) = e- 2 . 

Also, if W([-l,0}) = and W{[0, 1]) = 1, then ||X||bv[o,i] = oo. Hence 

P(||X|| smi] < oo) = 1 - P(||X|| w[0jl] < oo) 

< 1 - P(||X||bv[ ,i] = oo, W([-l, 0]) = 0, W([0, 1]) = l) = 1 - e" 2 . 

□ 



4 Examples 

In this subsection we will consider two examples of the general set-up. First, in Exam- 
ple 14. 1[ we will consider the situation where the noise W is of the stable or tempered 
stable type. More precisely, let p v be given by 

p v (dx) = (l {a ,> 0} ci(i;)ar O[ W- 1 + l^o}^)!^^ 1 ) dx, a(v) e (1 + e, 2), (4.1) 



or 



p v (dx) = (l^o^x-^e- 1 ^ + l {x<0} d 2 \x\-^- l e- h \ x \) dx, (3 e (1, 2), (4.2) 



where ci,c 2 ,at are measurable functions from V into [0, oo), d\,d 2 > 0, d\ + d 2 > 0, 
h,h > and e > 0. Equation (14. ip defines the Levy measure of a stable distribution 
with index a(v) and (14. 2 p is the Levy measure of a tempered stable distribution with a 
fixed index /3; see (6|. 



Example 4.1. Suppose that p v is given by (jUD or and a 2 = 0. 7%en, a SIMM A 

process X = (X t )teTR,> given by (12. ip . zs of finite variation if and only if for m-a.e. v, 
f(-,v) is absolutely continuous with derivative f(-,v) satisfying 

[ [ ( Cl ^ + C : 2 [ V \ f(s,v)\ Q{v) ) dsm(dv) < oo when p is given by (TCTD . 

'vJu K 2-a(v) ) 

I J (\f(s, v) I' 3 A \f(s, f)| 2 j ds m{dv) < oo wfeen p is given by (I4.2p . 
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Proof. Let p v is given by (14. ip . For v G V, J** |rr| p v (dx) = oo and hence (13.3 
satisfied. Using (14. ip a simple calculation shows that 



is 



(|ot| A \xu\ 2 ) p v {dx) = C(v)\u\ a(v) , tiGE, 

'a 

where 

C(«) := (pt(«) + <*(«)) (-y^r + y^r) ■ 
v \a(v) — 1 2 — alv)/ 



.a(v) — 1 2 — a(v) 

A similar calculation shows that 



u I \x\ p v (dx) = K (v) / x p v (dx), u > 0, 

>/|a;|>n J \x\<u 

where Kq(v) = (2 — a(v))/(a(f) — 1), and since a(v) 6 (1 + e, 2) by assumption, (13. 7p 
holds. Hence the result follows by Theorems 13. 11 + 13. 31 

Assume that p = p v is given by (14 .2p and note that p{dx) = oo. In the 

following we will use the notation f(u) ~ g{u) as u — > (or oo), if f(u)/g(u) — > 1 
as u — y (or oo). Moreover, we will use the asymptotics of the incomplete gamma 
functions. We have that 

p([-u,u] c ) ~ (di + d 2 )f3~ l u~ 13 as u — y 0, 

which by Proposition 13 . 51 shows that p satisfies (13. 7p . keeping in mind that j^ >l x 2 p(dx) < 
oo. From (14. 2 j) we have 



' (|aru| A |su| 2 ) p(dx) 



as it — y oo, 
C 2 m 2 as u — y 0, 



where C x = (d x + d 2 )((P - l)" 1 + (2 - /3)- 1 ) and C 2 = (d^ 2 + d 2 ^~ 2 )r(2 - /3), which 
by Theorems 13 . 11 + 13. 31 completes the proof. □ 

Let v i — y a(v) be a measurable function from V into R and consider X = (X t ) tG jn 
of the form 

X* = f {(t - 8 )f ] - (-sf + iv) ) W(ds, dv), (4.3) 



'RxV 

10 .. 



where := and x + := maxjx, 0} for x G R. We will, as in the rest of this paper, 
assume that X is well-defined. When V is a one point space, X is called a fractional 
Levy process. Thus, a process X of form (14. 3 p is a superposition of fractional Levy 
processes with (possible) different indexes, and will therefore be called a supFLP. 

Example 4.2. Let X = (X t ) ten be a supFLP of the form (Q]l . If a 2 = 0, a G [0, §) 
m-a.e. and 

/ Ix] 13 ^ p„(cte) ) (| - a(f))^ 1 m(du) < oo, (4.4) 



then X is of finite variation. On the other hand, if X is of finite variation, then m-a.e., 
a 2 = 0, a e [0, |) and 

/ \x\ p v (dx) < oo. (4.5) 

If, in addition, p satisfies (13. 7p . i/ien (I4.4p is satisfied. 

To see that the above example follows from Theorems 13.1 1 + 13731 we need the following 
general facts about supFLPs X of the form (14. 3p . Process X is of the form (12. ip with 
fjs, v) = fo(s, v) = . Since X is well-defined, an application of Rajput and Rosihski 
I la . Theorem 2.7] shows that 

|(/(1 — s, v) — fo(—s, v ))x\ 2 A lj ds p v {dx) m(dv) < oo. (4.6) 

For all s > there exists z = z(s,v) G [s, s + 1] such that f(l + s, v ) — f(s,v) = 
a(v)2 aW-1 . By gj]) it follows that a < \ m-a.e. and since z a ~ x > (s + l) a_1 , lOj) 
shows that 

i 

/" /" / Irvl imtI 1— a(«) \ 

p v (dx) m(dv) < oo, 





a(v)x| !-«(") 
'v J|xa(i))|>i v 1 — 2a(f ) 
which implies that 

/ i-«M p v (dx) < oo for m-a.e. u. (4-7) 

«/ |a;|>l 

For u G V, f(-,v) is absolutely continuous if and only if a(v) > and in this case 
f(s,v) = a(v )s°^ v * > ~ 1 . For a(v) G (0, |), a simple calculation shows that 

(\f(s,v)x\ 2 A \ f(s,v)x\) ds = Ixl 17 ^) llaiv)]^^) ( -| L^^l. (4.8) 

v L Va(f ) 1 — 2a(f )/ J 
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The square bracket in (14. 8ft is, for a(u) G (0, |), bounded from above and below by two 
constants Ci, c 2 > times (| — a(w which shows that 



lM </ (|/( S ^)x| 2 A|/( S;U )x|)d S <^ — . (4.9) 



Proof of Example \4 . 2\ Let f(s,v) = fo(s,v) = s°^ v \ We may and do consider the 
following two cases separately: a(v) = for all v G V, and a(t> ) 7^ for all u G V; 
use a symmetrization argument in the case where X is of finite variation. If a(v) = 
for all v G V, then, X t = VK((0,t] x V) is a Levy process with Levy measure v{dx) = 
p v (dx)m(dv) and Gaussian component j v a 2 (v) m(dv) . Hence X is of finite variation 
if and only if J v J u \x\ p v (dx) m(dv) < 00 and a 2 = m-a.e., cf. [l8|, Theorem 21.9]. 
Thus, in what follows we will assume that a(v) 7^ for all v G V. 

Assume that a G (0, |), a 2 = m-a.e. and ( 14. 4 p is satisfied. For m-a.e. v, f{-,v) is 
absolutely continuous and by (14. 9p . f(-,v) satisfies ( 13. 2p . which by Theorem 13.11 shows 
that X is of finite variation. 
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On the other hand, assume that X is of finite variation. By a symmetrization 
argument we may consider the cases where W is centered Gaussian or has no Gaussian 
component separately. In the Gaussian case we have a 2 > m-a.e. by (12. 3p . and 
therefore (13 .3p holds. For m-a.e. v , s i— > f(s, v) is absolutely continuous with a derivative 
f{s,v) = a(v)s°^ 1 satisfying (13. ip . cf. Theorem 13.31 Hence a(v) > and by (14. 9 p 



oo 

Is^- 1 ! 2 ^) \a{v)\ 2 a 2 {v)m{dv) < oo 



which implies that a 2 = m-a.e. In the purely non-Gaussian case, Rosihski fl6i 
Theorem 4] shows that f{-,v) is of finite variation for m-a.e. v. Hence a > and by 
assumption a > 0. Thus for m-a.e. v, f(-,v) is absolutely continuous and by (14. 9p and 
the below Remark 15.31 we have 



i 

/ — p v (dx) < oo tor m-a.e. v, 

J u V 1 V x 2 J 



which combined with (14.71) show (14. 5 p . Finally, if p satisfies (13. 7p then Remark 15.31 and 
(|4.9p show that (14. 4p is satisfied. This completes the proof. □ 

In the special case where V is a one point space, i.e. X is a fractional Levy process, 
Example 14.21 shows that X is of finite variation if and only if a 2 = 0, a G [0, |) and (14. 5 p 
is satisfied. This generalizes |3|, Corollary 5.4] and parts of |4j, Theorem 2.1]. The first 
mentioned result only considers the necessary part and the second one only considers 
the centered and square-integrable case. 



5 Proofs of Theorems 13.11 and 13.3 

We will start by showing Theorem 13.11 

Proof of Theorem\3Jl Let B = {v : f(-,v) = A-a.e.}. By ([32D, l x>1 \x\p.{dx) < oo 
m-a.e. on B c , and since f{-,v) is constant for v G B we may and do assume that 
i|x|>il x l P-(^ x ) < 00 m ~a.e. This allows us to write W as W = W + p, where W is a 
centered random measure and p is a deterministic measure. To show that (X t ) ig]R has 
absolutely continuous sample paths, define a measurable process (Y®) t £u by 



f(t - s,v) W (ds,dv). 



By a stochastic Fubini theorem, see 0, Remark 3.2], we have for all a < b, 



(5.1) 



Y»dt 



HxV 



fit - s,v)dt) W (ds,dv) 



(f(b - s,v) - f(a - s, v)) W (ds, dv). 
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Hence by linearity, 



h{t):= I (f{t-s,v)- f(-s,v))fi(ds,dv), ten, 

JUxV 

is well-defined. Using that h(t) = h(t + u) — h(u) for all u,t G R and that h is 
measurable, a standard argument shows that h{t) = th(l). Thus, with Y t := h{l) + Y t °, 
we have with probability 1, 

X t = X + [ Y u du, t G R, 



o 



which proves Theorem 13.11 □ 

Proof of Corollary \3.2[ Corollary 13.21 follows by the estimates given in Marcus and 
Rosihski [14], Corollary 1, used on Y® in ( 15. ip . □ 



To prove Theorem I3.3l we need the following Lemmas 15. lH5.2l about general infinitely 
divisible processes. Let T denote a countable set and X = (Xt)teT be an infinitely 
divisible process without Gaussian component. Let R^ be the topological dual of R T , 
which is equipped with the product topology, and let (•, •) be the canonical bilinear 
form on R (T) x R T . For each y G R (T) there exist n G N, (ct;)™ =1 C R and (U)i=i ^ T 
such that (y, x) = Y17=i a i x u f° r an x ^ ^ T ■ Let v be the Levy measure of X, that is, 
v is a Borel measure on R T with ^({0}) = and f(l A x(t) 2 ) v(dx) < oo for all t G T 
such that for all y G R^-* 

Ee i{y ' x) = exp (i(y, b) + [ (e l{y ' x) -l-i(y, r(x))) v{dx)\ , (5.2) 

where r: R T — > R T is given by t(x) — (t t- > r(x t )) and b G R T . 

Let h: [0, cxo) — > [0, oo) be a submultiplicative function, i.e., there exists a constant 
c > such that 

h(x + y) < ch(x)h(y), x, y > 0. 

Assume, moreover, that h is increasing, and for all e > there exists a e > such that 
h(x) < a e e €X for all x > 0. Let /i(oo) = oo. The key example is h: x (xVl) p for p > 0. 
If q is a lower semicontinuous pseudonorm on R T such that q(X) < oo a.s., Lemma 2.1 
17l | shows that there exists an r G (0, oo) such that v[x G R T : q{x) > r ) < oo. 



in 



Lemma 5.1. Lei T be a countable set, X = (X t )teT be an infinitely divisible process 
of the form (15. 2p and q: R T — > [0, oo] be a lower- semicontinuous pseudonorm such that 
q(X) < oo a.s. For all r > such that v[x G R T : q[x) > ro) < oo we /iai>e 

h(q(x)) v(dx) < oo if and only if Kh(q(X)) < oo. 

q(x)>r 
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Lemma 15.11 can be proved along the lines of Sato [la T heorem 25.3] if we use 
Rosihski and Samorodnitsky [17, Lemma 2.2] instead of 18, Lemmas 2.6-2.7]. The 
proof is hence omitted. 

Lemma 5.2. Let N e N, T = {k2~ n : n <E N, k = 0, . . . , iV2"} and /or / : T -> R 

define 



iV2 



wm =fnip£|/(*2-«) -/((*- 1)2" 



i=i 

For all infinitely divisible processes X = (X t ) teT of the form ( 15. 2 p ||X||bv[t] < 00 
a.s. we /iai>e 

/ 1A|| 
Jtr. t 

It can be shown that _BV_[T] is a Banach space of cotype 2, however, it is not 
separable so Araujo and Gine [1, Theorem 2.2] does not apply to this situation. Instead, 
to prove Lemma 15.21 we may and do assume that X is symmetric. Combining Rajput 
and Rosihski (lil . Theorem 4.11] and Rosihski (l6l . Proposition 2] show that X has a 
series representation. By using the series representation, Lemma 15.21 follows along the 
lines of Proposition 5.6 in Basse and Pedersen Q. 

We are now ready to prove Theorem 13.31 

Proof of Theorem \3.3[ Using ( 12. 5p we have by the monotonicity, 

E\\X\\ Bvm = sup VE|X fe2 -n -X (fc _ a)2 -n| = su P E|2 n (X 2 -n - X )\. (5.3) 

ngN k _ 1 nSIN 

For any v G V let 

£ v (u) := / (\ux\ 2 A \ux\) p v (dx). 
Jtr. 

Then £ v is symmetric, strictly increasing, and comparable with a convex function £ v 
given by 

iv(u) = / Ox| 2 l| ua; |<i + (2\ux\ - Vjl^yx) p v {dx). 



Indeed, £ v (u)/2 < £ v (u) < w > 0. By Corollary 1.1 in Marcus and Rosihski jl4 



J min{/ n , iy 2 } < E|2"(X 2 -„ -X )\<^ max{/ n , J^ 2 }, (5.4) 

where 

In= f [ Ufn(s,v))m(dv)ds and / n (s, u) = 2 n [/(2~" - s, v) - f(-s,v)}. (5.5) 
Jn Jv 

In view of (l5T3|) and (15T4D . 

E||X||sv[o,i] < 00 if an d only if sup J n < oo. (5.6) 

n£N 
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Since (X t )t£iR. is of finite variation so is its symmetrization. Therefore, we may and 
will assume that {p v : v G V} are symmetric Levy measures on R. Since the dyadic 
numbers are a separant for (/(£ — -))t e B,, we have by Lemma [5721 for every t > 

(l A \\xf(- — s, f)llBV[o,*]) Pv{dx) m(dv) ds < oo (5.7) 




r </ v r 



which implies that there is a subset Vo G V with m(V \ Vo) = such that for every 
v G V 

I (l^\\f{■-s^v)f Bvm ^ ds <oo. (5.8) 

</R 

We will show that 



k*(v) := sup||/(- - s,v) \\bv[o,i] < oo, v G V . (5.9) 

sgR 

To do this notice that 

- s , v )\\BV[o,t] = \\f{;v)\\Bv[-8,t-8] = Ht -a,v)- k(-s,v) } 

where 

k(u, v) - 



||/(- > «)||bv[o,«] ifw>0, 
■||/0,u)||bv[«,o] ifw<0. 



For each v G Vo, u > k(u, v) is a nondecreasing function. To show (15. 9p fix v G Vo and 
let us for the moment suppress v. Let h(s) = \k(l — s) — s)|. For contradiction 
assume that h is unbounded. Since h is locally bounded there exists a sequence (a n ) ne]N 
converging to either oo or — oo (say, oo) such that h(a n ) > 1 for all n G N. By passing 
to a subsequence we may assume that a n + 1 < a n+ \ for all n G N. For s G [a n , a ra + 1] 
we have 

k(2 — s) — k(—s) > /c(l — a n ) — k(—a n ) = h(a n ) > 1. 

Thus, 

/oo i>a n +l oo 
(1 A [Jfc(2 - s) - k{-s)} 2 ) ds>J2 (l A [fc(2 - s) - k{-s)} 2 ) ds > ^ 1 = oo, 

which contradicts f)5.8p and completes the proof of ( 15. 9p . 

Assume that p satisfies ( 13. 5p . and let us show that for m-a.e. v, f{-,v) is absolutely 
continuous with a derivative f{-,v) satisfying (13. ip and (13. 6p . By having shown this, 
the two other cases in Theorem 13.31 follow as a consequence, as we will see at the 
end of the proof. By (13. 5p there exist two measurable functions Uq: V — > [0, oo) and 
K : V — > (0, oo) such that for m-a.e. v 



u \ \x\ p v (dx) < K (v) / x p v (dx) for u > uq(v), 

'\x\>u J \x\<u 
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which implies that 



\xu\ Pv(dx) < Kq(v) / (\xu\ A 1) p v (dx) for \u\ < 1/uq{v). (5.10) 

|us|>l Ju 

For arbitrary but fixed k G N define 

Vfc = G 1/ : fc» < fc, K {v) < k,u {v) < k}, 
and let {X^) teU be given by 

X{= [ (f(t - s,v) - f (-s,v))W(ds,dv), ten. 

JuxV k 

By a symmetrization argument, ||^ fc || w[o,i] < 00 a - s - We will show that 

E\\X k \\ Bvm < 00. (5.11) 



To this end it is enough, according to Lemma I5.1[ to prove that 

\\xf(- — s, v) \\bv[o,i] ds p v (dx) m(dv) < 00. (5.12) 



' {(s,v,x)eUxV k xU: \\xf(—s,v)\\ BV[0A] >k 2 } 
For V G Vfc, 

\\f(--s,v)\\ Bvm k- 2 < k*{v)k~ 2 < k- 1 < l/u (v). 

Thus applying (I5.10p on u = \\f(- — s, v )||w[o,i]^~ 2 shows that the left-hand side of 
f)5.12p is less than or equal to 



k 3 [ [ [ (\\xf(--s,v) 
Ju Jv k Ju v 



I W[0,1] 



A 1 ) p v {dx) m{dv) ds 



which is finite by (15. 7p . This completes the proof of (15. lip . 
Since E||X fc || j Bv[o,i] < °°5 (15. 6p shows that 



SU P / / 6o(/n( s > v )) ds m(dv) < 00, (5.13) 
new JVh Ju 

where f n are given as in (15. 5p . Set 

J = [v E V : J \x\ p v {dx) = 00}, 

and choose (Ak)ke¥} Q V such that Ak t V and m(Ak) < 00 for all k G N, and let 
Xk '■= X\[-k,k] an d rrik := Tn\A k nv h riJ ■ Note that <8> uif. is a finite measure. For v G J, 
we have by the monotone convergence theorem that 



X 



(|m 2 x| A \u\)p v {du) f- \ \u\ p v {du) = 00 as x /*■ 00. 

IR ^E. 
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Hence for all k G N there exists, by Egorov's Theorem (see [12(1 , Chapter 9, Theorem 1), 
B k G V with mk(B%,) < 1/k such that for all C > there exists X > such that for all 
v G Bk, ir\£ x> K(£v(x) /x) > C . With m& := we have that 

f I f ( s v^) I 

|/ n | d(X k <S> m k ) = / £v(fn(s,v)) - " t~ — rr \ k (ds) m k (dv) 

Jn\>K J\fn\>K £v\Jn[ S : V )) 

< / ^(/n(s,u))(sup — ^-r) X k (ds) fn k (dv) < — I £ v (fn(s,v)) X k (ds)fh k (dv), 

J\fn\>K x>K q,v{x) ^ J 

which shows that 

sup/ \f n \d(\k<8>rhk) < 77 sup / £ v (fn(s,v)) X k {ds)m k (dv). (5.14) 



n&¥iJ\f n \>K CneNj 

By f)5.13p -f l5.14p we conclude that {f n : n G N} is uniformly integrable with respect 
to X k <g) rh-fe. Therefore, by the Dunford-Pettis Theorem, see [7J], IV.8, Corollary 11, 
there exists a subsequence (jij)j e ^ and a ft G L x (X k £g> m^) such that lim,,- / n = ft in 
c^L 1 , L°°). For all A G V with A C A k n V & D S fc D J and for (A <g> A)-a.e. (s, t) with 
-A; < s < t < k, 




h(u,v) du) m(dv) = lim / ( / f n .(u,v) du) m(dv) (5.15) 
f(u,v)m(dv) s jdu— I ^ / f(u,v)m(dv)^du 



lim 2 n ^ 

j-s-oo 



s+ 2 n j 7 Js X JA 

t+2 n i , r . /■s+2"J 



lim 2™ J / ( / /(w,f) m(du) ) dtt - lim 2™ J / ( / f{u,v)m{dv))du 
j->oo y t \J A J j^oo J s \J A J 

(f(t,v)-f(3,v))m(dv). (5.16) 

Since fl5.15p -f l5.16p is satisfied for k arbitrary we have for (A <g) A C§) m)-a.e. (t, s, v ) G 
RxExJ, 

f(t,v)-f(s,v)= h(u,v)du, 



which shows that for m-a.e. t> G J, f{-,v) is absolutely continuous with derivative 
&(.,«). 

Let G = {« £ 7 : a» > 0}. By Gaussianity, Fernique [8| shows that E|| X||£y[o,i] < 
oo. Let /„ be given by 05.51) . As in f)5.3p we have that 

n\X\\BV{o,i] = sup (2 n E\X 1/2 n -X Q \) = J- sup (2 n ||X 1/2 n - X \\ L2 ) (5.17) 

n£N V 7T ng ]N 

= J~(mpf [ \f n (s,v)\ 2 a 2 (v)dsm(dv)) 1/2 , (5.18) 
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where in the second equality we have used the identity ||£7||x,i = (2/7r) 1//2 ||£7||£2 for 
centered Gaussian random variables U. Let p(ds,dv) = ds a 2 (v) m(dv) be a measure 
on R, x V. Since L 2 (p) is a Hilbert space and {f n : n £ N} is bounded in L 2 (p) 
by (I5.17p -f l5.18p . there exists a subsequence (n fc ) fcg]N and a g £ £ 2 (/i) such that {f nk } 
converges to g in cr(L 2 , L 2 ), see [7, IV.4, Corollary 7]. As in f l5.15p -f l5.16p it follows that 
for m-a.e. v £ G, f(-,v) is absolutely continuous with derivative g. 

By assumptions m(G c fl J c ) = 0, and hence for m-a.e. v, f{-,v) is absolutely con- 
tinuous; let f(',v) denote its derivative. Since / £ L 2 (p), (13. ip follows and we only 
need to show ( 13. 6p . Since for m-a.e. v, f{-,v) is absolutely continuous with derivative 
f{-,v) we have that f n — > f A <8> m-a.e., and by continuity of s i— > £u(s), it follows that 
£,v(fn( s , v )) ^v(f(s,v)) for A g) m-a.e. (s,v). Thus, by Fatou's Lemma and (I5.13p . 

C(/(s, u)) dsm(dv) < liminf / / £ v (f n (s, v )) dsm(dv ) < oo, 

which shows ( 13. 6p . This completes the proof under the assumption (13. 5p . 
In the general situation, define two (positive) Levy measures pi and p 2 by 

Plidx) = — p v {dx) and p 2 = p v - p 1 v £ V, 
1 V x A 

and let X 1 and X 2 be two independent processes defined as X with p replaced by 
P 1 — {pl ■ v e V} and p 2 = {pi : v £ V}, respectively. Since X = d X 1 + X 2 , 
a symmetrization argument shows that X 1 is of finite variation. Moreover, since 
i|ir|>i x<2 Pv(d> x ) = Pv{[— 1) l] c ) < oo, Proposition 13.51 shows that p 1 satisfies (13. 5p . and 
hence (13. ip and ( 13. 4 p follow by the above. 

Finally, assume that p satisfies (13. 7p . This yields the existence of a real constant 
Co > such that for all u > and v £ V 



L 



\xu\ p v (dx) < Co / (\xu\ A 1) p v (dx). 

ux\>l JTR. 

Hence for all r > 0, 

\\xf(- - s,v)\\bv[o,i] p v {dx)m(dv) ds 

{(x,v,s)&R.xVxm.:\\xf(—s,v)\\ BV[0tl] >l} 

<C / / (l A \\xf(- - s,v)\\ 2 BV[0A] ) p v (dx) m(dv) ds < oo, 

J]R. JV JlR. 

which by Lemma [5.11 shows that E||X||bv[o,i] < oo. By arguing as above, ( 13. 2 j) follows. 

□ 

Remark 5.3. In the proof of Theorem 13.31 we only used the assumption (13. 3p to con- 
clude that f(-,v) is absolutely continuous for m-a.e. v. Thus if we know that f(-,v) 
is absolutely continuous for m-a.e. v then Theorem 13.31 remains valid even without the 
assumption ( 13. 3p . 
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6 Proofs of Theorems 13.71 and 13.8 



Proof of Theorem \3. 71 Recall that D denotes the set of dyadic numbers in R. Consider 
1RP as a locally convex separable linear metric space and consider Xj& := (XA te]a as a 
random variable in 1RP. For each JVeN, define 



2N2 r ' 



H N = {heR ]D : snp £ |/i(r^) - ^r^OI < oo}, 
where r J = i2~ n - N, and let # = f|~=i H N . By ([23]) 

P(||X||bv[ 0) 6] < oo for all - oo < a < b < oo) = ¥(X\ T) G H). 
Let z/ be the Levy measure of Xx>- We have 

v{H c N ) = \ \ l H c N (xf{- - s,v)) p v (dx) m(dv) ds 

= p v (B)l H f f (f('-s,v))m(dv)ds 
Ju Jv 

because p v {{®}) = 0. By (12. 6p we also have 



(6.1; 



2N2 r ' 



A <g> m-a.e. 



||/(- - s,v)\\bv[-n,n] = sup V /(rji - s,v) - /(r^ - s,i 
Consider the set 

A = {v : p„(R) > and || /(•, u)|| bv[-m,m] = oo for some M G N}. 

If m(A) = then v[ll c N ) = for every N, and so u(H c ) = limN^oo v(H^) = 0. From 
Janssen (ill . Theorem 9], we get P(X|d G if) = or 1. 

Suppose now that m(A) > 0, so that m(A M ) > for some M G N, where 



-4a/ = : > and \\f(-,v)\\ B v[-M,M] = oo}. 

For every N > M and all (s, t>) G [M — TV, AT — M] x Am we have 

||/(- - 8,v)\\bv[-n,n] > \\f(-,v)\\ B v[-M,M} = °°> 
which combined with (16. ip gives 

v(H%) > 2(N - M) [ p v (R) m(dv). 



(6.2) 



Thus u(H c ) = limjv^oo^^) = oo. By Janssen (U Theorem 10], P(X| D G #) = 0. 
This completes the proof. □ 
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Proof of Theorem \3.8[ Fix a < b and define 

k'n 

nGN 



H = \h: D -> R : sup V |/i(r n>i ) - /i(r nji _!)| < oo), 



where {r n i } are a dyadic partitions of [a, b] such that maxi<j< an (r^ — Tj_ ljn ) — >• as 
n — > oo. As in (16. ip we show that 



z/(# c ) = / / p,(R)l^(/(- 



— s,v))m(dv)ds. (6.3) 



If ([aj) holds then v(H c ) = and the zero-one law holds by the same argument as in the 
previous theorem. 

Assume (jbj). Let 7ji{Am) > for some M > 0, where Am is given by ( 16.21) . Then 
there exists a subinterval [c, of] C [— M, M\ with d — c < (b — a)/2 such that m(B) > 0, 
where 

B := : p„(R) > and \\f(-,v)\\ B vic4i = °°}- 
For all (s, t> ) G [a — c, b — d] x B we have 

- s iV)\\BV[a,b] > \\f(-,v)\\ B V[-M,M] = °°' 

which combined with (16. 3p gives 

V [U C ) > b -^- [ p v (R)m{dv) = oo. 

By the same argument as in the proof of Theorem 13.71 we infer that probability in (13. 8p 
is zero. If m(A/W") = for all MeN, then u(H c ) = 0. We conclude, as above, that the 
probability in (13. 8p is or 1. □ 

Finally, let us note that the methods of proofs of Theorems I3.7H3.8I will work if we 
replace the total variation norm || • ||w[a,&] by some wider class of seminorms of sample 
paths. 
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